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Abstract 

We study well-posedness and long-time dynamics of a class of quasilinear wave equations 
with a strong damping. We accept the Kirchhoff hypotheses and assume that the stiffness 
and damping coefficients are functions of the L2-norm of the gradient of the displacement. 
We first prove the existence and uniqueness of weak solutions and study their properties for 
a rather wide class of nonlinearities which covers the case of possible degeneration (or even 
negativity) of the stiffness coefficient and the case of a supercritical source term. Our main 
results deal with global attractors. In the case of strictly positive stiffness factors we prove 
that in the natural energy space endowed with a partially strong topology there exists a global 
attractor whose fractal dimension is finite. In the non-supercritical case the partially strong 
topology becomes strong and a finite dimensional attractor exists in the strong topology of the 
energy space. Moreover, in this case we also establish the existence of a fractal exponential 
attractor and give conditions that guarantee the existence of a finite number of determining 
functionals. Our arguments involve a recently developed method based on "compensated" 
compactness and quasi-stability estimates. 

AMS 2010 subject classification: Primary 37L30; Secondary 37L15, 35B40, 35B41. 

Keywords: Nonlinear Kirchhoff wave model; state-dependent nonlocal damping; supercriti- 
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1 Introduction 

In a bounded smooth domain C M"^ we consider the following Kirchhoff wave model with a 
strong nonlinear damping: 

j dttu- a{\\\/uf )Adtu- (t>{\\Vuf)Au + f{u) = h{x), x e n, t > 0, 
1 u\dQ = 0, ^(0) = uo, dtu{0) = ui. 
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Here A is the Laplace operator, a and (f> are scalar functions specified later, f{u) is a given source 
term, /i is a given function in L^(il) and || • || is the norm in L^(Q). 

This kind of wave models goes back to G. Kirchhoff [d = 1, (f){s) = ipQ + c/^is, (t(.s) = 0, 
f{u) = 0) and has been studied by many authors under different types of hypotheses. We refer 
to [4, 28, 41] and to the literature cited in the survey [32], see also [5, 17, 19, 22, 31, 34, 35, 36, 
37, 46, 47, 48, 49] and the references therein. 

Our main goal in this paper is to study well-posedness and long-time dynamics of the problem 
(1) under the following set of hypotheses: 

Assumption 1.1 (i) The damping (a) and the stiffness (0) factors are functions on the 
semi-axis M+ = [0, -|-oo). Moreover, a{s) > for all s G M+ and there exist Cj > and 
770 > such that 

[0(6 + Vocr{0] d^, -5- +CX) as s ^ +00 (2) 



/' 

Jo 



and 



s0(s) + ci [ a{^)d^ > -C2 for s € M+. (3) 
Jo 

(ii) f{u) is a function such that /(O) = (without loss of generality), 

l^f := liminf {s~V(s)} > -00, (4) 

and the following properties hold: (a) if d = 1, then / is arbitrary; (b) if d = 2 then 

\f'{u)\<C {l + \u\P-^) for some j3>l; 

(c) if d > 3 then either 

\f{u)\<C{l + \u\P-^) with some 1 <p = (5) 

or else 

co|«|^~^ — ci < f'{u) < C2 (1 -I- with some < p < p** = 7-j— 4— , (6) 

[d - 4j+ 

where Cj are positive constants and = (s -|- |s|)/2. 

Remark 1.2 (1) The coercive behavior in (2) and (3) holds with r/o = ci = if we assume that 
liminf 5_j.+oo {s't>{s)} > 0, for instance. The standard example is 4>{s) = (po + with 0o € 
01 > and a> 1. However we can also take (^(s) with finite support, or even (^(s) = const < 0. 
In this case we need additional hypotheses concerning behavior of a{s) as s — t- -|-oo. We note 
that the physically justified situation (see, e.g., the survey [32]) corresponds to the case when the 
stiffness coefficient 4>{s) is positive almost everywhere. However we include into the consideration 
the case of possibly negative (j) because the argument we use to prove well-posedness involves 
positivity properties of (/> in a rather mild form (see, e.g., (2) and (3)). 

(2) We note that in the case when d < 2 or d > 3 and (5) holds with p < p^ the Nemytski 
operator u f(^u) is a locally Lipschitz mapping from the Sobolev space H^{n) into H-'^+^{n) 
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for some 6 > 0. If d > 3 and (5) holds with p = this fact is valid with (5 = 0. These properties 
of the source nonlinearity f{u) are of importance in the study of wave dynamics with the strong 
damping (see, e.g., [6, 7, 38, 45] and the references therein). Below we refer to this situation 
as to non-supercritical (subcritical when (5 > and critical for the case 5 = 0). To deal with 
the supercritical case (the inequality in (5) holds with p > p*) we borrow some ideas from [23] 
and we need a lower bound for f{u) of the same order as its upper boTind (sec the requirement 
in (6)). The second critical exponent p** arises in the dimension d > 5 from the requirement 
-ff^(il) C Lp_|_i(ri) which we need to estimate the source term in some negative Sobolev space, 
see also Remark 2.6 below. 

(3) We also note that in the case (6) the condition in (4) holds automatically (with = +oc). 
This condition can be relax depending on the properties of 0. For instance, in the case when 
0(s) = 00 + (pis"^ with 01 > instead of (4) we can assume that 

f{s)s > -ci]s]' - C2 for some I < min{2Q: + 2 - e, 2d/{d - 2)+} 

with arbitrary small £ > 0. Therefore for this choice of (f) we need no coercivity assumptions 
concerning / in the non-supercritical case provided p < 2a -|- 1. However we do not pursue these 
possible generalizations and prefer to keep hypotheses concerning <p and a as general as possible. 

Well-posedness issues for Kirchhoff type models like (1) were studied intensively last years. 
The main attention was paid the case when the strong damping term —aAut is absent and the 
source term /(u) is either absent or subcritical. We refer to [19, 36, 49] and also to the survey 
[32] . In these papers the authors have studied sets of initial data for which solutions exist and are 
unique. The papers [19, 36] consider also the case of a degenerate stiffness coefficient {4>{s) ~ s"^ 
near zero). We also mention the paper [31] which deals with global existence (for a restricted class 
of initial data) in the case of a strictly positive stiffness factor of the form (j){s) = 0o + 01 -s" with 
the nonlinear damping jujl'^ut and the source term f{u) = —\u\^u for some range of exponents 
q and p, see also the recent paper [43] which is concentrated on the local existence issue for the 
same type of damping and source terms but for a wider range of the exponents p and q. 

Introducing of the strong (Kelvin- Voigt) damping term —aAut provides an additional a priori 
estimate and simplifies the issue. There are several well-posedness results available in the liter- 
ature for this case (see [5, 33, 35, 37, 46, 48, 47]). However all these publications assume that 
the damping coefficient a{s) = (Tq > is a constant and deal with a subcritical or absent source 
term. Moreover, all of them (except [37]) assume that stiffness factor is non-degenerate (i.e., 
4>is) > 00 > 0). However [37] assumes small initial energy, i.e., deals with local (in phase space) 
dynamics. Recently the existence and uniqueness of weak (energy) solutions of (1) was reported 
(without detailed proofs) in [23] for the case of supercritical source satisfying (6). However the 
authors in [23] assume (in addition to our hypotheses) that d = 3, the damping is linear (i.e., 
a{s) = const > 0) and the stiffness factor is a uniformly positive function satisfying the 
inequality Jq 4>{0d(, < s(f){s) for all s > 0. As for nonlinear strong damping to the best of our 
knowledge there is only one publication [26]. This paper deals with nonlinear damping of the 
form (T(||^"u|p)^"uf with < a < 1. The main result of [26] states only the existence of weak 
solutions for uniformly positive and a in the case when f{u) = 0. 

The main achievement of our well-posedness result is that (a) we do not assume any kind 
of non-degeneracy conditions concerning (this function may be zero or even negative); (b) we 
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consider a nonlinear state-dependent strong damping and do not assume uniform positivity of 
the damping factor cr; (c) we cover the cases of critical and supercritical source terms /. 

Our second result deals with a global attractor for the dynamical system generated by (1). 
There are many papers on stabilization to zero equilibrium for Kirchhoff type models (see, e.g., 
[1, 5, 31, 32] and the references therein) and only a few recent results devoted to (non-trivial) 
attr actors for systems like (1). We refer to [34] for studies of local attr actors in the case of viscous 
damping and to [17, 35, 46, 47, 48] in the case of a strong linear damping (possibly perturbed 
by nonlinear viscous terms). All these papers assume subcriticality of the force f{u) and deal 
with a uniformly positive stiffness coefficient of the form (p{s) = (po + (pis'^ with cpQ > 0. In the 
long time dynamics context we can point only the paper [1] which contains a result (see Theorem 
4.4[1]) on stabilization to zero in the case when (f){s) = a{s) = a + bs"' with a > and possibly 
supercritical source with the property f{u)u + afiu^ > 0, where ;U > is small enough. In this 
case the global attractor 21 = {0} is trivial. However this paper does not discuss well-posedness 
issues and assumes the existence of sufficiently smooth solutions as a starting point of the whole 
considerations. 

Our main novelty is that we consider long-time dynamics for much more general stiffness 
and damping coefficients and cover the supercritical case. Namely, under some additional non- 
degeneracy assumptions we prove the existence of a finite dimensional global attractor which uni- 
formly attracts trajectories in a partially strong sense (see Definition 3.1). In the non-supercritical 
case this result can be improved: we establish the convergence property with respect to strong 
topology of the phase (energy) space. Moreover, in this case we prove the existence of a fractal 
exponential attractor and give conditions for the existence of finite sets of determining function- 
als. To establish these results we rely on recently developed approach (see [12] and also [13] and 
[14, Chapters 7,8]) which involves stabilizability estimates, the notion of a quasi-stable system 
and also the idea of "short" trajectories due to [29, 30]. In the supercritical case to prove that 
the attractor has a finite dimension we also use a recent observation made in [23] concerning 
stabilizability estimate in the extended space. In the non-supercritical case we first prove that 
the corresponding system is quasi-stable in the sense of the definition given in [14, Section 7.9] 
and then apply the general theorems on properties of quasi-stable systems from this source. 

We also note that long-time dynamics of second order equations with nonlinear damping was 
studied by many authors. We refer to [3, 11, 20, 24, 39, 40] for the case of a damping with a 
displacement-dependent coefficient and to [12, 13, 14] and to the references therein for a velocity- 
dependent damping. Models with different types of strong (linear) damping in wave equations 
were considered in [6, 7, 23, 38, 45], see also the literature quoted in these references. 

The paper is organized as follows. In Section 2 we introduce some notations and prove 
Theorem 2.2 which provides us with well-posedness of our model and contains some additional 
properties of solutions. In Section 3 we study long-time dynamics of the evolution semigroup S{t) 
generated by (1). We first establish some continuity properties of S{t) (see Proposition 3.2) and 
its dissipativity (Proposition 3.5). These results do not require any non-degeneracy hypotheses 
concerning the stiffness coefficient (p. Then in the case of strictly positive (p we prove asymptotic 
compactness of S{t) (see Theorem 3.9 and Corollary 3.10). Our main results in Section 3 state the 
existence of global attractors and describe their properties in both the general case (Theorems 3.11 
and 3.13) and the non-supercritical case (Theorems 3.16 and 3.18). 
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2 Well-posedness 

We first describe some notations. 

Let H'^{Q,) be the L2-based Sobolev space of the order a with the norm denoted by || • Ho- and 
H^{Cl) is the completion of Cq°{Q,) in H'^{^) for a > 0. Below we also denote by || • || and (•, •) 
the norm and the inner product in L2(r2). 

In the space H = -^2(0) we introduce the operator A = —Ajj with the domain 

9{A) = {ue H'^{n) : n = on Q} = H'^{n) n H^{n), 

where Ad is the Laplace operator in Q with the Dirichlet boundary conditions. The operator 
is a linear self-adjoint positive operator densely defined on H = L2{^). The resolvent of A is 
compact in H. Below we denote by {cfe} the orthonormal basis in H consisting of eigenfunctions 
of the operator A: 

Aek = )^k&k, < Ai < A2 < • • ■ , lim A/j = cx3. 

k—>oo 

We also denote Ti = [H^{0.) n Lp+i{n)] x L2{^1). In the non-supercritical case (when d < 2 or 
d > 3 and p < p* = {d — 2){d + 2)~^) we have that HI{Vl) C Lp+i(ri)^ and thus the space 1-L 
coincides with H^{Q) x L2{^). We define the norm in by the relation 

||(no;«i)||^ = llVnof + a||uo||i,+i(f2) + ll^^if , (7) 

where a = 1 in the case when d > 3 and p > p* and a = in other cases. 

Definition 2.1 A function u{t) is said to be a weak solution to (1) on an interval [0, T] if 

ueLooiO,T;H^{n)nLp+i{n)), dtu e L^{Q,T-L2{9)) fM2{0,T-Hl{Q)) (8) 

and (1) is satisfied in the sense of distributions. 

Our main result in this section is Theorem 2.2 on well-posedness of problem (1). This theorem 
also contains some auxiliary properties of solutions which we need for the results on the asymptotic 
dynamics. 

Theorem 2.2 (Well-posedness) Let Assumption 1.1 he in force and {uq;ui) G %. Then for 
every T > problem (1) has a unique weak solution u{t) on [0, T] . This solution possesses the 
following properties: 

1. The function t {u{t); ut{t)) is (strongly) continuous inT-L = [Hq Pi Lp+i](fi) x L2(n) and 

utt € 1.2(0, T- H-\n)) + Loo(0, T; Li+i/p(0)). (9) 
Moreover, there exists a constant Cr^t > such that 

\\ut{t)f + \\Vu{t)f + co\\u{t)\\l^^^^^)+J^ l|ViXt(r)f dr < Cr,t (10) 
^To unify the presentation we suppose that p > 1 is arbitrary in all appearances in the case d = 1. 
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for every t E [0,T] and initial data IK^o; < R, where cq = 1 in the case when (6) 
holds and cq = m other cases. We also have the following additional regularity: 

for every < a <T and there exist P > and cr^t > such that 



\utt 



_^ + \\Vut{t)\\^+J^'^' 



WttiT)\\'^ + co / \u{x,t)\^ ^\ut{x,T)\'^dx 
Jn 



dr < ^ (11) 



for every t G (0,r], where as above \\{uo;ui)\\'^ < R and cq > in the supercritical case 
only. 



2. The following energy identity 

fKt),iit(t)) + ^*a(||Vti(r)f)||Vut(r)|pdr = 5Ks),nt(s)) 

holds for every t > s >0, where the energy £ is defined by the relation 

£{uo,ui) = ^ [\\uif + $ (||V«o|P)] + / F{uo)dx - / huodx, («o;«i) e 
^ Jn Jn 



(12) 



with 



Hs)= r</.(6de and F{s)= /'/(OdC- 
Jo Jo 



3. If u^{t) and u'^{t) are two weak solutions such that ||(u*(0); uj(0))||^ ^ R, i = 1,2, then 
there exists bn^T > such that the difference z{t) = u^{t) — u'^{t) satisfies the relation 



\\zt{t)\W + \\Vz{t)r + [ \\zt{r)fdr < bn^r (lk*(0)f_i + ||Vz(0)f ) 

Jo 

for all t G [0,r], and, if (6) holds, we also have that 



(13) 



Jo uo. Jn 



+ \u'^\P-^)\z\^dx 



dT<bR,T{\\ztm-i + \\^mf)- (14) 



4. // we assume in addition that uq G {H^ n Hq){Q,), then u € C^(0, T; [H^ n Hq){Q,)), where 
C^(0, T; X) stands for the space of weakly continuous functions with values in X, and under 
the condition ||(uo;'Ui)||-h < R we have that 

\\ut{t)f + \\Au{t)f <Cn{T){l + \\Auof) for every t € [0,T]. (15) 
Proof. Let S(s) = Jq o-{^)d(. For every 77 > we introduce the following functional on H: 



£l{uo,ui) = \\uif+[^{\\Vuof)+r]^{\\Vuof)-airi)] + a\\uo 



ip+i 

lLp+i(Sl) 



(16) 



with a{rj) = mis£s._^_{^{s) + r]T,{s)}, where a = 1 in the case when (6) holds and a = in other 
cases. By (2) this functional is finite for every ry > ryo- 
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Let V G M+ and 



{uo,u,) + -T.{\\Vu^f) 



+ ^\\uq\ 



(17) 



One can see that for every r] > rjo we can choose u = 1/(7], iJ,f ) > 0, positive constants and a 
monotone positive function M{s) such that 

ao£l{uo,ui) - ai <W'^'^'iuo,Ul) < a2£l{uo,m) + M{\\Vuof), M [u^^ui) eU. (18) 

To prove the existence of solutions, we use the standard Galerkin method. We start with the 
case when uq G (iJ^ n Hl){Q) and assume that ||(mo; wi)||-h < R for some i? > 0. We seek for 
approximate solutions of the form 



N 



U 



N 



{t) = Y,9k{t)ek, N = l,2,..., 



k=l 



that satisfy the finite-dimensional projections of (1). Moreover, we assume that 

\\{u^{Qi)-u^{Qi))\\H<CR and ||u^(0) - U0II2 ^ as ^ 00. 

Such solutions exist (at least locally), and after multiplication of the corresponding projection of 
(1) by {t) we get that {t) satisfies the energy relation in (12). Similarly, one can see from 
(3) and (4) that 



di 



(n^\<) + |S(||Vn-|n 



= ||nf 11^ - 0(||Vn^f)||Vt^^^f - (/(n^),n^) + {h,u''') 



One can see from (2) that for every rj > rjo there exist Cj > such that 

E(s) < ci [$(s) + rj^{s) - a{ri)] + C2, s G M+. 
Thus using (18) we have that the function WY{t) = W^'^iu^ it),u^ {t)) satisfies the inequality 

|>Vr (0 < V (ll^if f + CiE(||Vu^f ) + C2||n^f + C3) < c,WY{t) + C2 

for r] > rjo with 1/ depending on rj and /. Therefore, using Gronwall's type argument and also 
relation (18) we obtain 

£l{u^{ty, nf (t)) < Cr,t for all i G [0, T], AT = 1, 2, 3 ... , 

for every 77 > ?7o- By the coercivity requirement in (2) we conclude that 

\\(u^it);u^m\n<CR,T for all iG [0,r], 7V=1,2,3.... (19) 

Since a{s) > 0, this implies that cr(||V'U^(i)|p) > aR^r for all t G [0,r]. Therefore the energy 
relation (12) for yields that 



Jo 



Vu^(t)fdt<C{R,T), AT =1,2,..., foranyr>0. 



(20) 



Now we use the multiplier —Au (below we omit the superscript N for shortness). We obviously 
have that 



di 



-{ut,Au) + ^a{\\Vuf)\\Auf 



+ <P{\\Vuf)\\Auf + {f'{u),\Vu\^) 
< \\Vutf + a'i\\Vuf){Vu,ViH)\\Auf + \\h\\\\Au\\. (21) 
In the case when d > 3 and (6) holds, we have 

{f'{u),\Vuf)>co [ \u\P-^\Vu\^dx-c4Vuf, co,ci>0. 
Jn 

In other (non-supercritical) cases, due to the embedding H^{Q,) C Lp^i[Q,), from (19) we have 
the relation \{f'{u), |V?xp)| < cr^t\\Au\\'^. This implies that 



di 



-{ut,Au) + -a{\\Vuf)\\Au\y 



< llVutf + cr,t{1 + llVutll) ■ \\Auf + Cr,t. (22) 



for every t e [0,T]. Let 

^{t) = S{u{t),utit))+rj 



-{ut,Au) + -a{\\Vu\\^)\\Au\\^ 



with 77 > 0. We note that there exists 77* = 1]{R, T) > such that 

^{t) > aR,T,v [htf + \\Auf] - Cr,t, t e [0, T\ 



(23) 



for every < r/ < r/*. Therefore using the energy relation (12) for the approximate solutions and 
also (22) one can choose > such that 

^^-(0 <co[^'(t) + ci](l + ||Vntf), [0,r], 

with appropriate q > 0. By (20) and (23) this implies the estimate 

\\uf{t)f + ||Au^(t)f < Cr{T) [1 + ||Atx^(0)f] , t e [o,r]. 
The above a priori estimates show that {u}^;dtUN) is *-weakly compact in 
Wr = Loo(0,T;//2(o))nLp+i(Q)) X [L^{0,T; L^ifl)) n L2{0,T; H^{n))] for every T > 0. 
Moreover, using the equation for u'^{t) we can show in the standard way that 



r \\dttu^it)f_^dt < Ct{R), iv = 1, 2, . . . , 

Jo 



(24) 



for some m > max{l, d/2}. Thus the Aubin-Dubinsky theorem (see [42, Corollary 4]) yields that 
{uN',dtUN) is also compact in 



C{0,T;H'-'{n)) X [C{0,T;H-'{i}))nL2{0,T;H'-'{n))] for every e >0. 



Thus there exists an element {u; Ut) in Wt such that (along a subsequence) the following conver- 
gence holds: 

uia^\\u^ {t) - u{t)\\l_^ + / \\u^ {t) - ut{t)\\\_^dt ^ as iV^oo. 

Moreover, by the Lions Lemma (sec Lemma 1.3 in [27, Chap.l]) we have that 

f{u^{x,t)) ^ f{u{x,t)) weakly in Li+i/p([0,r] x O). 

This allows us to make a limit transition in nonlinear terms and prove the existence of a weak 
solution under the additional condition uq € (if^ n Hq){Q). One can see that this solution 
possesses the properties (9), (10), (15) and satisfies the corresponding energy inequality. 

Now we prove that (13) (and also (14) in the supercritical case) hold for every couple u^{t) 
and u^{t) of weak solutions. For this we use the same idea as [23] and start with the following 
preparatory lemma which we also use in the further considerations. 

Lemma 2.3 Let u^{t) and v?'{t) he two weak solutions to (1) with different initial data {uq\u\) 
from % such that 

\WS)f + \\^u\t)\\^ <R^ for all tG[0,r] and for some R>0. (25) 
Then for z{t) = u^{t) - u'^{t) we have the relation 



d_ 
di 



{z,Zt) + ^<7l2(t) • \\Vzf 



+ lMt)-\\Vzf + {f{u')-f{u%z) 



+ </.i2(t)|(V(ni + n2),V2)|2 < \\ztf + CR{\\Vul\\ + \\Vu''t\\) \\Vzf (26) 



for allt G [0,T], where ai2{t) = ai{t) + a2{t) and ^i2(i) = (pi{t) + (t)2{t) with ai{t) = a{\\Vu'-{t)f) 
and 4)i{t) = ^(||V'u*(t)|p). We also use the following notation 

^i2{t) = liy'{X\\Vu\t)f + {l-X)\\Vu\t)f)dX. (27) 

Remark 2.4 It follows directly from Definition 2.1 that (9) holds for every weak solution. This 
and also (8) allows us to show that {z, zt) + (7i2(i)||V2:|p/4 is absolutely continuous with respect 
to t and thus the relation in (26) has a meaning for every couple of weak solutions. 

Proof. One can see that z{t) = u^{t) — u'^{t) solves the equation 

ztt - ^ai2{t)Azt - ^4>i2{t)Az + G{u\u^;t) = 0, (28) 



where 



G{u\n';t) = -Ula.it) - a2{t)]A{ul + n?) + [Mt) - Mmi^' + n')} + f{u') - f{u\ 
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Since G G L2(0,T;ii"-i(Q)) + L^{{),T;L^^^/p{Q)) and z G L^{0,T;{H^ n Lp+i){n)) for any 
couple and of weak solutions, we can multiply equation (28) by z in L2(r2). Therefore using 
the relation 

W[2{t)\<CR{\\Vul\\ + \\VuU) 
and also the observation made in Remark 2.4 we conclude that 



di 



{z,zt) + ^ai2it)-\\Vzf 



+ ^Mt)-\\^zf + iG{u\u^t),z) 



< \\ztf + Cr {WVulW + llVn^ll) • \\Vzf. 

One can see that (t)i{t) — 02 (t) = 2(V('u^ + u^),'Vz) ■ 012 (i), where 0i2 is given by (27), and 

|K(t) - a2{mV{ul+u',),Vz)\ < Cr iWVujW + \\VuU) ■ ||Vzf . 

Thus using the structure of the term G{u^,u^; t) we obtain (26). □ 

Lemma 2.5 Assume that f{u) satisfies Assumption 1.1 and the additional requirement saying 
that f'{u) > —c for some c > 0. Then for z = — we have that 

f {f{u^) - f{u^)){u^ - u^)dx > -co\\zf + ci / (|uY"^ + \u^\^~^)\z\^dx (29) 
Jn Jci 



and 



I {f{u^) - f{u^)){u^ - u^)dx > -CQ\\zf + ci f \z\P+^dx, (30) 
Jn Jn 



where cq > and ci > in the case when (6) holds and ci = in other cases. 

Proof. It is sufficient to consider the case when (6) holds. 
The relation in (29) follows from the obvious inequality 



C X)u^ + Xu^YdX > Cr {\u^\'' + \u^Y) , r > 0, 
Jo 



which can be obtained by the direct calculation of the integral. As for (30) we use the obvious 
representation 

y \i\^di = ^^{y\'u^ -\u^\'u^) , r>0, ^x^eM, u^<u^, 

and the argument given in [14, Remark 3.2.9]. □ 
Now we return to the proof of relations (13) and (14). 

Let v}- and iP' be weak solutions satisfying (25) and also the inequaUty ||tf*(*)llLp+i(n) ^ 
for all t G [0, T] in the supercritical case. We first note that in the non-supercritical case by the 



This requirement holds automatically in the supercritical case, see (6). 
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embedding H^{n) C Lr{^) for r = oo in the case d = 1, for arbitrary 1 < r < oo when d = 2 and 
for r = 2d{d — 2)~^ in the case d>3 we have that 



\\f{u')-f{u')\\-i<CR\\V{u^-u')\\, u\u^eH^{n), \\Vu'\\<R 



(31) 



which impHes that \{f{u^) — /(n^),z)| < C/{||V2;|p. Therefore it fohows from Lemma 2.3 and 
from Lemma 2.5 in the supercritical case that 



d_ 
di 



{z,zt) + ^ai2{t)\\Vzf 



h2m\Vzf + co 



[ \z\P+^dx+ f {\u^\P-^ + \u^\P-'^)\z\'^dx 
Jn Jn 



< 



+ Cr{1 + \\VuI\\ + \VuU) \\Vzf, 



(32) 



where cq is positive in the supercritical case only. 

Now we consider the multiplier A^^zt- Since H^~^[n) C Lp^i{^) for some rj > under the 
condition p < p** = {d + 4)/{d — 4)+, we easily obtain that 



\\A-W\l^^^ < C\\A-^/^ztf < e\\ztf + C,\\A-'/^ztf for every e > 0. 
Thus we can multiply equation (28) by A'^zt and obtain that 

^^ll^-'/'-^tf + lMt)iz,zt) + ^CTi2m^tf + iGiu\u^;t),A-'zt) = 0, 



where 
Here 



{G{u\u^; t), A-^zt) = Gi(i) + G2{t) + Gsit). 



(33) 

(34) 
(35) 



G2{t) = 4>i2{t){V{u^ + u^),Vz){V{u^ + u^),VA-ht) 

with ^i2(t) given by (27), and G3{t) = (fiu') - f{u^),A-'zt). 

One can see that \{Gi{t) + G2{t)\ < CR\\zt\\ ■ ||V2;||. In the non-supercritical case by (31) we 
have the same estimate for |G3(t)|. In the supercritical case we obviously have that 



\f{u')-f{u^)\\A-'zt\dx 



(36) 



< £ 



/ (1 + 1^' 



+ \u'^\P+^)dx 



p-i 
p+i 



: / {l + \u^\P-^ + \u'^\P-^)\z\'^dx + Ce [ {l + \u^\P-^ + \u^\P-^)\A-^zt\'^dx 
Jn Jn 

<e / (1 + \u^\P-'^ + \u^\P-^)\z\'^dx + Ce 
Jn 

Therefore using (33) we have that 

\{G{v}y;t),A-^zt)\<CR\\zt\\ ■ ||Vz|| 



+ e 



I {\v}\P-^ + \uy-^)\z\''dx+\\zf + \\zt\\A +Ce{R)\\A-^'^zt\\^ 
Jn J 
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for any e > 0. Thus from (34) we obtain 

^ U-'/^Ztf + lauim^tf < CnWztW ■ ||V. 



2dt' 



2 

+ £Cq 



I {\u^\^-^ + \u'^f-^)\z\^dx + \\zf + \\zt\ 
Jci 

for any e > 0, where cq = in the non-supercritical case. Let 



+ coC,{R)\\A-'/^ztf (37) 



m = l\\A-'/'ztf+v 



iz,zt) + -a,2m^4' 



for ?7 > small enough. It is obvious that for rj < rjo{R) we have 



a-RV 



\A-'/''ztf + Wzf 



< *(i) < bn 



(38) 



(39) 



From (32) and (37) we also have that 



'dt 



+ 



In 



+ co{v-£) f {\u^f-^ + \u'^\P-^)\zfdx < C,{R) [||Vz||2 + ||^-V2^^||2 

Aftcr selecting appropriate 77 and e this implies the desired conclusion in (13) and (14). 

We can use (13) and (14) to prove the existence of weak solutions for initial data (uq; ui) £ % 
by limit transition from smoother solutions. Indeed, we can choose a sequence {uq;ui) elements 
from (ij2 n Hl){Q,) X L2{9.) such that «;«7) {uo]Ui) in U. Due to (13) and (14) the 
corresponding solutions vP'it) converge to a function u{t) in the sense that 

max {||<(t) - m{t)f_, + \\u-{t) - u{t)\\l] + r - u{t)\\1+1 dr ^ 0. 

Prom the boundedness provided by the energy relation in (10) for we also have *-weak con- 
vergence of (u";^") to {u;ut) in the space 

L^{0,T;H\n))nLp+i{n)) X [L^{0,T;L2m^L2{0,T;H^{n))] . 

This implies that u{t) is a weak solution. By (13) this solution is unique. Moreover, this solution 

satisfies the corresponding energy inequality. 

Now we prove smoothness properties of weak solutions stated in (11) using the same method 
as [23] (see also [2]). 

As usual the argument below can be justified by considering Galerkin approximations. 
Let u{t) be a solution such that ||(ii(t); ^((t))!!-^ < i? for t G [0)^]- Formal differentiation 
gives that v = ut{t) solves the equation 



vu - a{\\Vuf)Avt - (l){\\Vuf)Av + f'{u)v + G,{u,ut; t) = 0, 



(40) 
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where 



G4u,ut;t) = -2[a'{\\Vuf)Aut + ^'{\\Vuf)Au] (Vn,Vnt). 
Thus, multiplying equation (40) by v we have that 



di 



This implies that 



(^',^t) + 2^(l|Vu|ni|Vt;|| 



+ <j>{\\Vuf)\\Vvf + {f'{u)v,v) 
< \\vtf + CR [|(Vu, Vi;)p + \iVu,Vv)\\\Vvf] . 



(^,^*)+ 2^(11 Vu||^)||V^||^ 



+ C0 /" \u\P-Wdx< \\vtf + CR[l + \\yut\\]\\yv\\\ 
Jn 



where cq > in the supercritical case only. Using the multiplier A ^Vf in (40) we obtain that 



As above (cf. (36)) in the supercritical case we have that 



/ f'{u)vA ^vtdx 
Jn 



f'{u)vA ^vtdx 



<e I {l + \u\ 
Jn 



dx + CnJA-Wll^^,. 



for any e > 0. Thus 
1 d 



2dt 



\\A-'/\f + a{\\Vnf)\\vt\\' 



< e 



+ C0 / InrVdx +Ci?,, \\Vvf + \\A-\t\\l 



p+i 



We introduce now the functional 



{v,vt) + -a{\\Vuf)\\Vv\ 



for 77 > small enough. It is obvious that for r] < r)o{R) we have 

aRT] [\\A-'/\f + \\Vvf] < ^,{t) < bR [\\A-'/\f + \\Vv\\ 
Using (33) we also have that 

+ [^(IIV^^IP) -rj-e] \\vtf + co[r/ - e] [ \u\P-^v^dx 

Jn 

< Cr,, (1 + WVutf) \\\A-^'''vtf + \\Vvf 



dt 



In particular for > small enough, there exists ur > such that 



dt 



+ aR 



(\\vtf + CO ^ lur^v^dx^ <Cr{1 + WVutf) **(i), (41) 
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where cq > in the supercritical case only. This implies that 

WMm-i + \\^Mt)f + f]\\Mr)f + co I |u(a;,T)rVt(aJ,r)|2 J dr 

Jo i Jn 

for t G [0,T], where cq = in the non-supercritical case. This formula demonstrates preservation 
of some smoothness. To obtain (11) we multiply (41) by t"". This gives us the relation 



d_ 
di 



(e^,) + aRe\\vtf <Cr{i + \\vutf) + ae-^R \\\A-^/\tf + \\yv\ 



(42) 



One can see that 

r-^||V«|p < l + t2(°-i)||Vntf llVwf < Ct[1 + llVutf (r^r,)], t € [o,r], 

provided a > 2. We also have that < C||t;j ll^ll^"™^^!^"^ for any m > 1 with 

5 = 5{m) € [1,2). Since 

A-'^utt = a{\\Vu\\^)A-'^+^ut + ^{\\Vu\\^)A-'^+^u - A-'^Uiu) - h), 

one can see that [[^"'"uttll < Cr + \ f{u)\dx < Cr for m > max{l,d/2}. Therefore 

e-^\\A-^/\tf < Cst^'^'^^Wvtf < et'^Wvtf + CR,T,s,e, t e [0,T], 
provided 2{a — 1) / S > a. Thus from (42) we have that 



d_ 
di 



{t"^*) < cr,t + cr,t (1 + w^utf) r**]. 



This implies (11) with some /3 > 0. 

Now wc prove that the function t h- > {u{t);ut{t)) is (strongly) continuous in = \Hq{Q,) fl 
-Lp+i(il)] X L2(f^) and establish energy relation (12). We concentrate on the supercritical case 
only (other cases are much simpler). 

We first note that the function 1 1->- (u{t);ut{t)) is weakly continuous in H for every t>0 and 
t i-T- u{t) is strongly continuous in Hq{Q), t > 0. Moreover, (11) implies that t i-)- {u{t);ut{t)) is 
continuous in H^{Q) x L2{i^) at every point to > 0. 

Let us prove that t ll^(^)llL^|i(n) ^® continuous at to > 0. From (11) and from the energy 
inequality for weak solutions we have that 

/ / kr^^d""!^ + \ut\'^)dxdt < Ca,b, for ah < a < 6 < T. 



(43) 



On smooth functions we also have that 



(p+i) 



Therefore by (43) for t2> ti> a 'we have that 



ufutdx 



< 



\u\^ + \ut'^)dx. 



^(*2)lC(f^)-|W*i)On) [ \urH\u\' + \ut\')dxdt^Q as h-h^O. 
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Thus the function t i-> continuous for t > 0. Since u{t) is weakly continuous in 

Lp+i(r2) for t > and Lp^i(ft) is uniformly convex, we conclude that u{t) is norm-continuous in 
Lp+i(J7) at every point Iq > 0. 

In the next step we establish energy relation (12) for every t > s > 0. For this we note that 
by (11) equation (1) is satisfied on any interval [a,b], < a < b < T, as an equality in space 
[H~^ + (Q). Moreover one can see that f{u)ut G Li{[a, 6] x This allows us to multiply 

equation (1) by Uf and prove (12) for t > s > 0. 

To prove energy relation (12) for s = we note that it follows from (12) for i > s > that 
the limit £ {u{s) , ut{s)) as s — exists and 

S, = lim£{u{s),utis)) = £Ht),ut{t))+ f\{\\Vu{r)f)\\Vut{T)fdT. 

Since u{t) is continuous in Hq{Q) on [0, +oo), wc conclude that there is a sequence {sn}, Sn 0, 
such that ^(x, Sfij — ^ U{j{x) almost surely. Since F{u) ^ — c for all u € M, from Fatou's lemma we 
have that 

F[uQ{x))dx <\mim.i I F{u{x, s))dx. 



I 



The property of weak continuity of ut{t) at zero implies that < liminf^^o ll'"t(s)lP- Thus 

we arrive to the relation £{uo,ui) < Therefore from the energy inequality for weak solutions 
we obtain (12) for alH > s > 0. 

No we conclude the proof of strong continuity of t t->- (n(t); ■ut(t)) in at t = 0. From the 
continuity of t i-^ £{u{t),dtu{t)) and property that u{t) — > uq in Hq{^) as t — >■ one can see by 
contradiction that 

lim ||'Ut(i)||^ = llmll^, lim/ F{u{x,t))dx = / F{uQ{x))dx. 

The first relation implies that u{t) is continuous in L2{^) at i = 0. It follows from Assumption 1.1 
that 

|'u(x,i)|P+^ < CiF{u{x,t)) + C2 for almost all x e n, t > 0. 

We also have that \u{x,t)\P~^^ — >■ |no(a;)|^+^ almost everywhere along some sequence as t — >■ 0. 
Therefore from the Lebesgue dominated convergence theorem we conclude that 

along a subsequence. Using again uniform convexity of the space Lp-^-i{Q) we conclude that u{t) 
is strongly continuous in Lp^i{Q,). The proof of Theorem 2.2 is complete. □ 

Remark 2.6 We do not know how to avoid the assumption p < p** = {d + 4:)/{d — 4)+ (which 
arises in dimension d greater than 4) in the proof of well-posedncss. The point is that we cannot 
use smother multipliers like A^'^^'Zt and A^'^^'z to achieve the goal because the term ||Vz|p goes 
into picture in the estimate for G. If we will use the multipliers A~'^''zt and z in the proof of 
uniqueness of solutions, then we get a problem with the corresponding two-sided estimate for the 
corresponding analog of the function ^{t) given by (38). 
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As for the existence of weak solutions without the requirement p > p** in the case d > 4 we 
note that the standard a priori estimates for u^{t) (see (19), (20) and (24)) can be also easily 
obtained in this case. The main difficulty in this situation is the limit transition in the nonlocal 
terms (/>(||ti^(t)|p) and C7(||tt^(t)|p). To do this we can apply the same procedure as in [5] with 
a = const, f{u) = 0. We do not provide details because we do not know how establish uniqueness 
for this case. 

Remark 2.7 In addition to Assumption 1.1 assume that either 

$(s) = f (j){$,)d^ +00 as s ->■ +00 and IJ-f > 0, (44) 
Jo 

or else 

jls := liminf (/)(s) > and jlsM + Hf > 0, (45) 

s— >+oo 

where ///is defined by (4) and Ai is the first eigenvalue of the minus Laplace operator in with 
the Dirichlet boundary conditions (if fi^ = +oo, then Hf > — oo can be arbitrary). In this case it 
is easy to see that (18) holds with rj = u = 0. Therefore the energy relation in (12) yields 

sup Sl{u{t),ut{t)) < Cr provided £%{uq,ui) < R, (46) 
teiR+ 

where i? > is arbitrary and £^ is defined by (16) with rj = 0. Now using either (44) of (45) we 
can conclude from (46) that 

sup ||Vn(t)|| < Cr and inf a{\\Vu{t)f) >aR>(}. (47) 

te]R+ 

Therefore under the conditions above the energy relation in (12) along with (46) implies that 

POO 

sup£liu{t),ut{t))+ \\Vut{T)fdT<CR (48) 
teM+ Jo 

for any initial data such that £^^(no,ni) < R. We note that in the case considered the energy 
type function is topologically equivalent to the norm on H in the sense that £^{uo,ui) < R 
for some R> if and only if ||(uo; iti)||-K < for some i?* > 0. 

3 Long-time dynamics 

3.1 Generation of an evolution semigroup 

By Theorem 2.2 problem (1) generates an evolution semigroup S{t) in the space H by the formula 
S{t)y = {u{t);dtu{t)), where y = {uo;ui) G H and u{t) solves (1) (49) 
To describe continuity properties of S{t) it is convenient to introduce the following notion. 

Definition 3.1 (Partially strong topology) A sequence {{uq;u'^)} C is said to be partially 
strongly convergent to {uq;ui) £ H if Uq ^ uq strongly in Hq(Q,), Uq — ^ uq weakly in Lp^i{Q.) 
and u'l ui strongly in L2{^) as n ^ oo (in the case when cZ < 2 we take 1 < p < oo arbirtary). 
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It is obvious that the partially strong convergence becomes strong in the non-supercritical 
case (-f/'o(^) ^ 

Proposition 3.2 Let Assumption 1.1 he in force. Then the evolution semigroup S{t) given by 
(49) is a continuous mapping in % with respect to the strong topology. Moreover, 

(A) General case: For every t > S{t) maps % into itself continuously in the partially strong 
topology. 

(B) Non-supercritical case ((6) fails): For any R> and T > there exists qr^t > such 
that 

\\S{t)yi - S{t)y2\\n < aR,T\\yi - y2\\H, i G [0,r], 

for all yi,y2 € 7^ = Hq{Q) x L2(^) such that \\yi\\ < R. Thus, in this case S{t) is a locally 
Lipschitz continuous mapping in % with respect to the strong topology. 

Proof. Let {uq;u^) {uq\ ui) in as n — >■ 00. From the energy relation we have that 



lim 

n— >oo 



lim £{uq,Ui] 



n—^oo 



= £{uo,ui) = £{uit),utit))+ [ a{\\Vu{T)f)\\Vut{T)fdT, (50) 

Jo 

where ii"(t) and u{t) are weak solutions with initial data (ug ; u") and (uq; ui). Using (13) and the 
low continuity property of weak convergence one can see from (50) that u"'{t) — >■ u{t) in Hq{Q,) 
and also 



lim 

n— >oo 



- m 



+ / F{u''{x,t))dx 
In 



1„ 

-\\ut 

2" 



+ / F{u{x,t))dx. 



As in the proof of the strong time continuity of weak solutions in Theorem 2.2 this allows us to 
obtain the strong continuity with respect to initial data. 

Now we establish additional continuity properties stated in (A) and (B). 



(A) This easily follows from uniform boundcdncss of ||u"(t)|| and \\u'^ 



on each inter- 



val [0, T] (which implies the corresponding weak compactness) and from Lipschitz type estimate 
in (13) for the difference of two solutions. We also use the fact that by (11) ||Vti"(t)|| is uniformly 
bounded for each t > 0. 

(B) Let S{t)yi = (u*(t); uj(t)), i = 1,2. Then in the non-supercritical case we have (31). 
Therefore using (10) and Lemma 2.3 we obtain that 



d_ 

di 



{z,zt) + -ai2mVzf 



< \\ztf + Cr^t (1 + llVuj^ll + |Vu 



\Vz\ 



where z = — and 0"i2(i) is defined in Lemma 2.3. 

In the case considered we can multiply equation (28) by Zt and obtain that 



-^Mt){Vz,Vzt) < CR,T||V2;t||||V^|| 



Here above 



Git) = iGiu',u';t),zt) = Hi{t) + H2{t) + Hsit), 



(51) 

(52) 
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where 

Hiit) = ^[ai{t) - c72(t)](VKi + n?), Vzt), 

H2{t) = 4>i2{t){V{u' + u'),Vz){V{u^ + u^),Vzt) 

with (j)i2{t) given by (27), and H3{t) = {f{u^) — f{u^),zt). Using these representations one can 
see that 

\{G{u\u^;t),zt)\ < CR,T{l + \\Vul\\ + \\Vu^,\\)\\Vzt\\\\Vz\\ 

< e\\Vztf + Cii,r,e(l + \\Vulf + ||Vu|||')||Vzf . 

for any e > 0. Therefore the function 

1 



{z,zt) + ^ai2{t)\\Vzf 



for 77 > small enough satisfies the relations 

aR,T [\\ztf + \\Vzf] < Vit) < bn^T [\\ztf + ||Vzf] 

and 

jV{t) < ck,t(1 + W'^ulf + \\Vulf)V{t) 

with positive constants an^r, ^r^t and cr^t- Thus Gronwall's lemma and the finiteness of the 
dissipation integral in (10) imply the desired conclusion. □ 

Remark 3.3 One can see from the energy relation in (12) that the dynamical system generated 
by semigroup S{t) is gradient on T-L (with respect to the strong topology), i.e., there exists a 

continuous functional ^'(y) on T-L (called a strict Lyapunov function) possessing the properties 
(i) ^(S'(t)y) < l'(y) for all t > and y e V.; (ii) equality ^{y) = ^(5(t)y) may take place for 
all i > if only y is a stationary point of S{t). In our case the full energy £[uo]Ui) is a strict 
Lyapunov function. 

3.2 Dissipativity 

Now we establish some dissipativity properties of the semigroup S{t). Fro this we need the 
following hypothesis. 

Assumption 3.4 We assume^ that either (45) holds or else 

(l){s)s +OC as s ^ +00 and /x/ = liminf |s~''^/(s)} > 0. (53) 

|s|— >-oo 

Proposition 3.5 Let Assumptions 1.1 and 3.4 be in force. Then there exists > such that 
for any R> we can find tR>0 such that 

\\{u{ty,ut{t))\\n < R* for all t>tR, 

where u(t) is a solution to (1) with initial data {uq:,ui) G 71 such that ||(uo; tfi)||-H < R- In 
particular, the evolution semigroup S{t) is dissipative in % and 

SB^ = {(uo;ni) G H : ||(no;tii)||-H < R*} is an absorbing set. (54) 



^Under these additional conditions the properties in (2) and (3) holds automatically with 770 = ci = 0. 
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Proof. Let u(t) be a solution to (1) with initial data possessing the property \\{uo] < R. 

Multiplying equation (1) by we obtain that 



di 



(n,nt) + iE(||Vn||2) 



\utf + <P{\\Vuf)\\Vuf + ifiu),u) - {h,u) = 0, 



where S(s) = jQ(y{C)d^- Therefore using the energy relation in (12) for the function W{t) = 
W'^{u{t),ut{t)) with W^'" given by (17) we obtain that 

^W{t) + a{\\Vuf)\\Vutf - vWutf + r?0(||Vuf)||Vuf + ri{f{u), u) - r]{h,u) = 0. 
Since (53) imphes (44), we have (47). By (4) and (6) we have that 

{u, f{u)) > dohlli+;,(n) + - - d2{6), V5 > 0, 

where do > 0, di = in the supercritical case and do = 0, di = 1 in other cases. In both cases 
(either (45) or (53)) this yields 

^W{t) + {an - v)\\utf + rjcom^uf)\\Vuf + + ^^ill^f < VC2 

with positive Cj independent of R and do > in the supercritical case only. Thus there exist 
constants ao,ai > independent of R and also < rjR < 1 such that 



dt 



m"(«(t),nt(t)) + Tjao [\\utf + 0(||Vt/f )||Vt/f +do||u||^+^^(j^) + null 



for all initial data {uo;ui) G Ti such that ||(«o; 'Wi)||'H ^ ^ ^-iid for each < r/ < r]ji. Moreover, for 
this choice of t] we have relation (18) with = and a(r/) > a(0). Therefore using the "barier" 
method (see, e.g., [9, Theorem 1.4.1] and [24, Theorem 2.1]) we can conclude the proof. □ 

Remark 3.6 Let = Ut>i+t S{t)^^ , where is given by (54), > is chosen such 

that S{t),'^^ C for t > and Wps denotes the closure in the partially strong topology. By 
the standard argument (see, e.g., [44]) one can see that SSq is a closed forward invariant bounded 
absorbing set which lies in Moreover, by (11) the set is bounded in Hq{^) x Hq{^). 

For a strictly positive stiffness coefficient we can also prove a dissipativity property in the space 
= (i?^ n HI){Q) X L2{^Y. Indeed, we have the following assertion. 

Proposition 3.7 In addition to the hypotheses of Proposition 3.5 we assume that (j){s) is strictly 
positive (i.e., (p{s) > (po > for all s G and f'{s) > —c for all s G R in the case when 
(5) holds with p = p*. Let u{t) be a solution to (1) with initial data («o;^i) € ^ such that 
uo £ -ff^(Jl) and ||(no; 'Ui)!!-^ < R for some R. Then there exist B > and 7 > independent of 
R and Cr > such that 

||An(t)||2 < Cr(1 + ||Ano||^)e-^* + S for all i > 0. (55) 



*We note that 7i* C7i because H^{Q) C Lp+i{Q) for p < p* 
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Proof. By Proposition 3.5 we have that < fo all t > tR. Therefore it follows 

from (21) that 

^X(0 + yllAixCOf < \\Vutit)f + CRA'^ut{t)f\\Auit)f + CR^ for all t > tn, 

where x(t) = -{ufit), Au{t)) + cr(||V'u(t)|p)||An(t)f /2. One can see that 

ai\\Au{t)f - a2 < xit) < a3\\Au{t)f + a4 for all t>tR, (56) 

where = aj(i?*) are positive constants. Therefore using the finiteness of the dissipation integral 
\\Vut{t)\\'^dt < Cr^ we can conclude that 

X{t) < Cii|x(iii)|e-T(*-*«) + Cr^ for all t > tR. 

Thus (56) and (15) yield (55). □ 

Remark 3.8 Using (15) one can show that the evolution operator S{t) generated by (1) maps 
the space Ti^ = {H^ fl Hq){Q,) x L'^{Q,) into itself and weakly continuous with respect to t and 
initial data. Therefore under the hypotheses of Proposition 3.7 by [2, Theorem 1, Sect. II. 2] S{t) 
possesses a weak global attractor in 7{*. Unfortunately wc cannot derive from Proposition 3.5 a 
similar result in the space Ti because we cannot prove that S{t) is a weakly closed mapping in H (a 
mapping S :'H^'H is said to be weakly closed if weak convergences Un ^ u and Sun — > v imply 
Su = v). Below we prove the existence of a global attractor in H under additional hypotheses 
concerning the stiffness coefficient 0. 

3.3 Asymptotic compactness 

In this section we prove several properties of asymptotic compactness of the semigroup S{t). 
We start with the following theorem. 

Theorem 3.9 Let Assumptions 1.1 and 3.4 be in force. Assume also that <j){s) is strictly positive 
(i.e., (p(s) > for all s G M+j and f'{s) > — c for all s € U. in the non- supercritical case (the 
bounds in (6) are not valid). Then there exists a bounded set J(f in the space Hi = (i?^ni?Q)(0) x 
Hq (J7) and the constants C, 7 > such that 

sup{dist^i(a)xi/i(n)('SW2/,=^) ■ V ^ b} < Ce-^(*-*«), t > te, (57) 

for any bounded set B from %. Moreover, we have that J(f C SSq, where is the positively 
invariant set constructed in Remark 3.6. 

Proof. We use a splitting method relying on the idea presented in [38] (see also [23]). 

We first note that it is sufficient to prove (57) for B = ^q, where ^0 C H n {H^ x H^){'^) is 
the invariant absorbing set constructed in Remark 3.6. 

From (11) and (48) we obviously have that 

/•t+l l-OO 

\\Vu{t)\\^ + \\Vut{t)f+ htt{T)\\^dT+ ||V«t(r)fdr<C^„ t > 0, (58) 

Jt Jo 
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for any solution u{t) with initial data {uo;ui) from ^q. Thus we need only to show that there 
exists a ball B = {u G {H'^ D Hq){U) : ||A|| < p} which attracts in Hq{^) any solution u{t) 
satisfying (58) with uniform exponential rate. 

We denote a{t) = a{\\Vu{t)\\^) and (p{t) = 0(||Vw(t)|p). Since both a and (p are strictly 
positive, we have that 

Q<ci<a{s),^{s) <C2, t>0, 

where the constants ci and C2 depend only on the size of the absorbing set ,^o- Let > be a 
parameter (which we choose large enough). Assume that w{t) solves the problems 

{-a(t)Awt - 6(t)Aw + i"w + f(w) = hJt) = -uu + vu + h(x), x eQ, t> 0, 
(59) 
wlan = 0, w{0) = 0. 

Then one can see that v{t) = w{t) — u{t) satisfies the equation 

f -a{t)Avt - (t){t)Av + iyv + f{w + v)- f{w) = 0, xe^,t>Q, 

I (60) 

y v\dn = 0, f (0) = -uo- 

As in the proof of Proposition 3.7 using the multiplier — A-u; in (59) one can see that 

~ [amAw{t)f] +m\^w{t)f < [e + C4Vut{t)f] \\Aw{t)f + C4K{t)f 
for all t > 0. Therefore using Gronwall's type argument and the bounds in (58) we obtain that 

\\Aw{t)f < C f e-^^'-^\\K{T)fdT < > 0. (61) 

Jo 

where Cag^ > does not depends on t. 

Multiplying (60) by in a similar way we obtain 

— Hm'^vm'] +m\'^v{t)f<[s+Ce\\vut{t)f] \\vv{t)\\\ t>o, 

which implies that 

l!Vf(t)f < C7||Vn(0)f e-2T*, t>0. (62) 

Let B = {u e H^{'D,) n -ffo(r2) : ||Au|p < C<^o}, where C^^ is the constant from (61). It follows 
from (61) and (62) that 

distHi^^){u{t),B) = iM\\w{t) + v{t) - b\\i < \\v{t)\\i <Ce-^, t > 0. (63) 

This implies the existence of the set desired in the statement of the Theorem 3.9. □ 

Now we consider the set defined in Remark 3.6 as a topological space equipped with the 
partially strong topology (see Definition 3.1). Since bounded in ^ n {H^ x -ffd)(0), this 
topology can be defined by the metric 

I + liUn - Un. Qn)\ 



n=l 



for y = {uo;ui) and y* = {uq;uI) from ^q, where {gn} is a sequence in L(p_|_i)/p (fi) fl H ^(f2) 
such that ll^nll-i = 1 and Spanj^n : n G N} is dense in L(p_|_i)/p(0). 
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Corollary 3.10 Let the hypotheses of Theorem 3.9 he in force and and SBq be the same sets 
as in Theorem 3. 9. Then there exist C, 7 > such that 

sup I inf n{S{t)y, z) : y G ^0 1 < C'e"^* for all t > 0. (65) 

Proof. As in the proof of Theorem 3.9 using the spUtting given by (59) and (60) we have that 



< ll"(t)ll. 



AT 



1 + J]2-"||5„||_i 



n=l 



+ 2-^+1 <2Ht) II 1 + 2-^+1 



for every A'' G N, where S{t)y = {u{t);ut{t)) with y = {uq;ui) £ ^q, and v solves (60). We can 
choose = [t], where [t] denotes integer part of t. Thus (65) follows from (63). □ 

3.4 Global attractor in partially strong topology 

We recall the notion of a global attractor and some dynamical characteristics for the semigroup 
S{t) which depend on a choice of the topology in the phase space (see, e.g., [2, 9, 21, 44] for the 

general theory). 

A bounded set 2t C is said to be a global partially strong attractor for S{t) if (i) 21 is 
closed with respect to the partially strong (see Definition 3.1) topology, (ii) 21 is strictly invariant 
(<S'(t)2t = 21 for all t > 0), and (iii) 2t uniformly attracts in the partially strong topology all other 
boTinded sets: for any (partially strong) vicinity O of 21 and for any bounded set B 'm.% there 
exists = t^{0, B) such that S{t)B C O for all t > t^. 

Fractal dimension dim^^ M of a compact set M in a complete metric space X is defined as 

J. X.. 1- lnAf(M,e) 
dim-f M = hm sup , , ' , 

J e^o ln(l/e) 

where N(M, e) is the minimal number of closed sets in X of diameter 2e which cover M. 

We also recall (see, e.g., [2]) that the unstable set M+(A/') emanating from some set Af CH is 
a subset of T-L such that for each z G M+(A/') there exists a full trajectory {y{t) iteM.} satisfying 

u{0) = z and disty, {y{t),J\f) as t ^ —00. 

Our first main result in this section is the following theorem. 

Theorem 3.11 Let Assumptions 1.1 and 3.4 be in force. Assume also that (i) (p{s) is strictly 
positive (i.e., (j){s) > for all s G M+J and (ii) f'{s) > —c for all s eM. in the non-super critical 
case (when (6) does not hold). Then the semigroup S{t) given by (49) possesses a global partially 
strong attractor 21 in the space %. Moreover, 21 C Hi = [H'^ Ci Hq]{'[1) x -ffd(ri) and 

sup (\\Au{t)f + \\Vut{t)f + \\uu{t)\\l^ + r' ||u«(r)f dr) < d (66) 
tm \ Jt / 

for any full trajectory 7 = {{u{t);ut{t)) : t G M} from the attractor 2t. We also have that 

21 = M+{M), where Af = {{u; 0)e'H: (f)i\\A^/^uf)Au + /(u) = h}. (67) 
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Proof. Since SSq is an absorbing positively invariant set (see Remark 3.6), to prove the theorem 

it is sufficient to consider the restriction of S{f?) on tlic metric space SS^ endowed with the metric 
given by (64). By Corollary 3.10 the dynamical system (^0;'S'(i)) is asymptotically compact. 
Thus (see, e.g., [2, 8, 44]) this system possesses a compact (with respect to the metric 7^) global 
attractor 21 which belongs to ^ . It is clear that 21 is a global partially strong attractor for 
(7^, S(ty) with the regularity properties stated in (66). 

The attractor 21 is a strictly invariant compact set in H. By Remark 3.3 the semigroup S'(t) is 
gradient on 21. Therefore the standard results on gradient systems with compact attractors (see, 
e.g., [2, 9, 44]) yields (67). Thus the proof of Theorem 3.11 is complete. □ 

To obtain the result on dimension for the attractor 2t we need the following amplification of the 
requirements listed in the first part of Assumption 1.1. 

Assumption 3.12 The functions a and ^ belong to C^(]R_|_) and possess the properties: 
(i) a{s) > and (f){s) > for all s G R+; 

(ii) \\pL^ + iif > 0, where fi^ is defined in (45), /x/ is given by (4) and Ai is the first eigenvalue of 
the minus Laplace operator in Q with the Dirichlet boundary conditions (in the supercritical 
case this requirement holds automatically). 

Theorem 3.13 Let Assumptions l.l(ii), 3.4 and 8.12 he in force and infsgK/'(s) > — oo in the 

non- supercritical case. Then the global partially strong attractor 21 given by Theorem 3.11 has a 
finite fractal dimension as a compact set in Hr '■= [H^'^'^ n Hq]{Q,) x H^iQ.) for every r < 1. 

Our main ingredient of the proof is the following weak quasi-stability estimate. 

Proposition 3.14 (Weak quasi-stability) Assume that the hypotheses of Theorem 3.13 are 
in force. Let u^{t) and 'u^(i) be two weak solutions such that \\u^{t)\\2 + \\'al{t))\\1 < R^, for all 
t>0, i = 1,2. Then their difference z{t) = u^{t) — u'^{t) satisfies the relation 



where aR,hR,'^R are positive constants and I > 1/2 can be taken arbitrary. 

Proof. Our additional hypothesis on cp and also the bounds for solutions imposed allow us 
to improve the argument which led to (13). 




(68) 



Since 



|'^i2(t)||(V(t.^ +t.2),Vz)p < CnWzf, t > 0, 



(69) 



for our case, it follows from Lemmas 2.3 and 2.5 that 




{t) ■ \\Vzf + Co f {\u^\P-^ + \u^\P-^)\zfdx 



(70) 



< \\ztf + Cr {wvulw + \vuU) \\yzf + C\\z 
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where Cq = in the non-supercritical case. Now as in the proof of Theorem 2.2 we use the 
multipher A^^Zf. However now our considerations of the term \(G{u^ ,u'^;t),A~^zt)\ of the form 
(35) involves the additional positivity type requirement imposed on (j). 

Using the inequality ||^~^/^2;j|p < ?7||2t|p + C,j||^~'2;j |p for any 77 > and I > 1/2, one can 
see that 

\Gi{t)\ < e\\ztf + Cr,, {WVulf + ||Vu2||2) livzf 
and also, involving (69), 

\G2it)\ < e\\ztf + CR,e \\\A-^ztf + ll^ll' 
for any e > and for every Z > 1/2. Therefore from (36) we obtain that 

\{G{u\u^-t),A-^zt)\ < Cr,, \{\\Vulf + llVuf f ) \\Vzf + \\zf + \\A-^ztf 



+ e 



Ft +co 



Jn 



+ u 



2|p-l 



)\z\'^dx 



for any e > 0, where cq = in the non-supercritical case. Consequently by (34) and (70) the 
function ^(t) given by (38) satisfies the relation 



It ^2 



<h2{t) ■ \\Vzf + 



:0-i2(i) -r/-£ 



+ co(?7-£) / {\u^T-^ + \u^\P-^)\z\''dx <Ce{R) di2(t)||Vzf + p-'ztf + 11^11 
Jo. L 

where d\2{t) = ||V'u^(t)|p -|- ||Vnf (f)|p. Therefore after an appropriate choice of rj and e we have 
that 

— + auit)^ < CR [\\A-^ztf + \\zf\ with auit) = ^(/)i2(i) - CRduH), 



This implies that 

^(t) <CRexp|-/ ai2(r)dTU(0) + CR / exp<|-/ ai2i0d^ \ \\\A-^ zt{T)f + \\z{t 



Under Assumption 3.12 by Remark 2.7 we have estimate (48) which yields that 
auiOd^ > V^R ■{t-r)-CRj^ duiOd^ > V(f>R ■{t-r)-CR 
for all t > r > 0. with positive (t)R and Cr. Thus from (71) and (39) we obtain (68). 



dr. 
(71) 



□ 



Lemma 3.15 Let the hypotheses of Proposition 3.14 be in force. Then the difference z(t) 
u^{t) — u^it) of two weak solutions satisfies the relation 



r \\A-'zu{ 

Jo 



r)fdr < Cr iWztmU + \\Vz{0)f) + CrT f \\\z{T)f + ||^-'zt(r)f dr (72) 

Jo L 



for every T > 1, where Cr > is a constant and I > 3/2 is arbitrary such that Li{il) C H ^'(fi), 
i.e. I > d/A. 
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Proof. It follows from (28) that WA'httW < CRi\\A-^+^z\\ + \\A-^+^Zt\\) + \\A-^G{u^,u'^;t)\\. 
By the embedding Li C H~^^ (ri) we obviously have that 

\\A-'G{u\u^;t)\\ < Cr\\A'/^z\\+C [ \f{u')-f{u^)\dx 

Jn 

< Cr\\A^/'^z\\ +C f (1 + \u^\P-^ + In^r^) \z\dx. 
Jn 

Therefore using (13) (and also (14) in the supercritical case) we obtain that 

' \\A-'zu{T)fdT < Cr (\\zt{a)f_^ + ||Vz(a)f ) 
for every a <h such that b — a < 1. Therefore 

/ \\A-'ztt{r)fdT < V / \\A-'ztt{r)fdT+ / \\A-'ztt{T)fdT 
Jo Jk JlT] 

m 

< CR^{\\zt{k)f_, + \\Vz{k)f), 

k=0 

where [T] denotes the integer part of T. Now we can apply the stabilizability estimate in (68) 
with t = A; for each k and obtain (72). □ 

Proof of Theorem 3.11 

We use the idea due to Malek-Necas [29] (see also [30] and [13]). 

For some T > 1 which we specify latter and for some I > max{c?, 6}/4 we consider the space 

WT = {ue C{0,T;H^{n)) : ut G C{0,T; H-\n)), uu e L2(0, T; if-2'(l^))} 

with the norm ^ 

Hwt = max [\\Vuit)f + \\utit)f_^] + / \\uuit)f_2idt. 

Let SIt be the set of weak solutions to (1) on the interval [0,T] with initial data (u(0);nt(0)) 
from the attractor 2t. It is clear that SIt is a closed bounded set in Wt- Indeed, if the sequence 
of solutions u'^{t) with initial data in 21^ is fundamental in Wt, then we have that n"(0) uq 
strongly in H^{Q), n"(0) — > uq weakly in Lp^i{fl) and u^(0) — >■ ui weakly in 1/2 (^) for some 
{uq;ui) € 21. By (13) and (72) this implies that n"(t) converges in Wt to the solution with initial 
data {uo;ui). This yields the closeness of Sty in Wt- The boundedness of 2lr is obvious. 
On 21t we define the shift operator V by the formula 

F:2tT^2lT, [Vu]{t) = u{T + t), t e [0,T]. 

It is clear that SIt is strictly invariant with respect to V, i.e. FSIt = 2tr- It follows from (13) 
and (72) that 

\VUi - VU2\Wt < Ct\Ui - U2\Wr, Ui, U2 G ^T- 



/ 

J a 
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By Proposition 3.14 we have that 



max {\\ztiT + s)f_i + \\Vz{T + s)f} < ae-^^ max {\\zt{s)\W + \\V z{s)f} 

s6[0,T] ^ ^" se[0,T] V /M 1 V /II J 



+ h 



r-2T 

Jo 



\ziT)f + \\A-'zt{T) 



dr, 



where a, 6,7 > depends on the size of the set 2t in Hi = [H^ D Hq]{^) x Hq{Q,). Lemma 3.15 
and Proposition 3.14 also yield that 

/•2T r2T 

/ \\A-'zttfdT < Ce-^^ {\\ztm\-i + l|V<0)||2) + C(l + T) / ll^f + \\A-'ztf dr. 

Therefore we obtain that 

\VUi - VU2fwT ^ 9t|C/i - U2\lr^ + Ct [nUUi - U2) + n^VUi - VU2)] (73) 
for every C/i, C/2 £ Sty, where = Ce"'^'^ and the seminorm nriU) has the form 



([/)= / + p-'utfl dr for U = {u{t)} eWr- 

Jo ^ ^ 



One can see that this seminorm is compact on Wt- Therefore we can choose T > 1 such that 
q^T < 1 in (73) and apply Theorem 2. 15 [13] to conclude that Str has a finite fractal dimension in 

Wt- One can also see that 21 = {{u{t);ut{t))t=s '■ u{-) G 21^} does not depend on s. Therefore 
the fractal dimension of 21 is finite in the space T-L = Hq[Q.) x H~^{Q,). By interpolation argument 
it follows from (66) and (13) that S{t)\^ is a Holder continuous mapping from H into Hr for each 

t > 0. Since dim^^Sl < 00, this implies that dim^^^'Sl is finite. 

3.5 Attractor in the energy space. Non-supercritical case 

In this section we deal with the attractor in the strong topology of the energy space which we 

understand in the standard sense (see, e.g., [2, 9, 21, 44]). Namely, the global attractor of the 
evolution semigroup S{t) is defined as a bounded closed set 21 C ?i which is strictly invariant 
(S'(t)2l = 21 for all t > 0) and uniformly attracts all other bounded sets: 

lim sup{dist-^(5'(t)y, 21) : y & B} = for any bounded set B in H. 

Since H = Hq{Q,) x L2{fi) in the non-supercritical case, Theorem 3.9 implies the existence 
of a compact set in H which attracts bounded sets in the strong topology. This leads to the 
following assertion. 

Theorem 3.16 Let Assumptions 1.1 and 3.4 be in force. Assume also that(f){s) is strictly positive 
(i.e., (/)(s) > for all s G M+j and /'(s) > — c for all s £ M. in the non-supercritical case 
(when the bounds in (6) are not valid). Then the evolution semigroup S{t) possesses a compact 
global attractor % in %. This attractor 2t coincides with the partially strong attractor given by 
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Theorem 3.11 and thus (i) 21 C Hi = [H'^ r\ Hl]{n) x Hl{n); (ii) the relation in (66) hold; 
(Hi) 'tSi = M+(A/'), where Af is the set of equilibria (see (67)). Moreover, we have that 

dist^(y,AA) — > as t ^ oo for any y gT-L. (74) 

If in addition we assume Assumption 3.12(ii), then 21 has a finite fractal dimension in the space 
Ur = [H^^"- n H^]{n) X H-'in) for every r < 1. 

Proof. We apply Theorems 3.11 and 3.13. To obtain (74) we only note that by Remark 3.3 the 
semigroup S{t) is gradient on the whole space 7i. Thus the standard results on gradient systems 
(see, e.g., [2, 9, 44]) lead to the conclusion in (74). □ 

Under additional hypotheses we can establish other dynamical properties of the system under the 
consideration. We impose now the following set of requirements. 

Assumption 3.17 We assume that (p ^ C^(M+) is a nondecreasing function {(p'is) > for 
s > 0), f'{s) > — c for some c > 0, and one of the following requirements fulfills: 

(a) either / is subcritical: either d < 2 or (5) holds with p < p^^ = {d + 2){d — 2)^^, d > 3; 

(b) or else 3 < d < 6, f e C^{R) is critical, i.e., 

\f"{u)\<C{l + \u\P*-^), ueR, p^ = {d + 2){d-2)-\ 

Our second main result in this section is the following theorem. 
Theorem 3.18 Let Assumptions l.l(ii), 3.12, and 3.17 he in force. Then 

(1) Any trajectory 7 = {{u{t)\ut{t)) : i G M} from the attractor 21 given by Theorem 3.16 

possesses the properties 

(n; ut; u«) G L^{R; [H^ n H^]in) x H^{n) x L2{n)) (75) 
and there is R > such that 

supsup {\\Au{t)f + \\Vut{t)f + Wuttm') < R'- (76) 

7C2l teM. 

(2) There exists a fractal exponential attractor ^exp in "H. 

(3) Let C = {Ij : j = 1, N} be a finite set of functional on Hq{Q,) and 

ec = ec{H^{n),L2{n))=sup{\\u\\ : ueH^{n), lj{u) = 0,j = 1, N,\\u\\i < 1} 

be the corresponding completeness defect; Then there exists Eq > such that under the 
condition ec < £0 ihe set C is (asymptotically) determining in the sense that the property 

rt+l 

lim max / \L(u^(s) — u^(s))\'^ds = 
Jt 

implies that limt^oo \\S{t)yi — S{t)y2\\-H = 0. Here above S{t)yi = {u^{t);dtu''{t)), i = 1,2. 
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We recall (see, e.g., [16] and also [9, 13, 14]) that a compact set Slexp C ^ is said to be a fractal 
exponential attractor for the dynamical system (T-L,S{t)) iff 2lcxp is a positively invariant set of 
finite fractal dimension in H and for every bounded set D (ZH there exist positive constants to, 
Cd and 70 such that 

dx{S{t)D 1 2texp} = sup dislH{S{t)x, 2texp) < Cd ■ e-T°(^-^«), t > to- 

We also mentioned that the notion of determining functionals goes back to the papers by Foias 
and Prodi [18] and by Ladyzhenskaya [25] for the 2D Navier-Stokes equations. For the further 
development of the theory we refer to [15] and to the survey [8], see also the references quoted in 
these publications. We note that for the first time determining functionals for second order (in 
time) evolution equations with a nonlinear damping was considered in [10] , see also a discussion 
in [14, Section 8.9]. We also refer to [8] and [9, Chap. 5] for a description of sets of functionals 
with small completeness defect. 



Proof of Theorem 3.16 

The main ingredient of the proof is some quasi-stability property of S{t) in the energy space H 
which is stated in the following assertion. 

Proposition 3.19 (Strong quasi-stability) Suppose that Assumptions l.l(ii), 3.12 and 3.17 
hold. Let u^{t) and u^{t) he two weak solutions such that ||('U*(0);'uJ(0))||-^ < R, i = 1,2, then 
their difference z{t) = u^{t) — u^{t) satisfies the relation 



\zt{t)f + \\Vz{t)f < UR {\\zt(,0)f + \\Vz{0)f) e-T«* + f\~^^^'--^\z{T)fdT, (77) 

Jo 



rt 

where aR,bR,^R are positive constants. 



Proof. As a starting point we consider the energy type relation (51) for the difference z (which 
we already use in the proof of the second part of Proposition 3.2) and estimate the term 

G{t) = {G{u\u^;t),zt) = Hi{t) + H2it) + Hs{t) 

given by (52) using the additional hypotheses imposed. One can see that 

\Hi{t)\ < e\\Vztf + CR4\\Vulf + \\Vulf)\\Vzf. 

Here and below we use the fact that \\ui{t)\\^ + \\Vu^{t)f < Cr for alH > (see (48)). 
We also have that 

m) = ~[^i2{tmiu'+u%vz)\']+H2{t), 

where |i?2(t))| < Cr{\\VuI\\ + \\Vuj\\)\\Vzf. 

If / is subcritical, i.e.. Assumption 3.17(a) holds, then the estimate for Hs{t) is direct: 

\H3{t)\ < CR\\Vzt\\\\z\\i_s < e {\\Vztf + \\Vzf) + CR,e\\zf 
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for some S > and for any e > 0. Therefore in the argument below we concentrate on the critical 
case described in Assumption 3.17(b). In this case we have that 



where 



2di 



1 



2 Jo Jn 

By the growth condition of /" we have that 



/ / f'{u^ + X{u^-u^))\z\^dXdx +H3{t), 
Jo Jn J 



f"{u^ + Xiu^ - + X{ul - uj))\z\'^dXdx. 



\H3{t)\<C [ [1 + 

Jn 

Therefore the Holder inequality and the Sobolev embedding H^{Q,) C Lp^^i{Q,) imply that 



\H3{t)\ < C 



'Lp^+i{n) 



Lpt.+i{n) 



\ut\\Lp,+i{n) + ||^i^||L^,+l(f2)] \\4Lp,+^{n) 



< Cr [\\Vu\\\ + llVnf II] WVzf. 
Now we introduce the energy type functional 

"1 



+ 



1 



/ / f'{u^ + X{u^ -u^))\z\^dXdx + 4)i2{t)\{V{u^ +u^),Vz) 
Jo Jn 



Prom (51) and the calculations above we obviously have that 



d_ 
di 



||Vzt||2 <CR,e \di2{t) + ^d^) 



where di2{t) = \\Vul{t)f + \\Vv4{t)f. Therefore using Lemma 2.3 we obtain that the function 



W^{t) = E^{t)+r} 



{z,zt) + -au{t)\\Vz\ 



, r/>0, 



satisfies the relation 



-ai2{t)-e 



-012(t)||Vz||2 + 0i2(t)|(V(«l+u2),Vz)|2 



\V ztf - riWztf + T] 

+ V f f f'{u^ + A(tx^ - u^))\z\^dXdx < e\\Vzf + C R,edi2{t)\\V z 
Jo Jn 



Therefore, if we introduce W{t) = W*(f) + C||2;(t)|p with appropriate C > and with 77 > 
small enough, then we obtain that 

an {\\zt{t)f + \\Vz{t)f) < W{t) < hn {\\zt{t)f + ||V^(i)in 
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and 

^W{t)+CRW{t) < CRdumVzf + C\\z{t)f 

with positive constants. Thus the finiteness of the integral in (48) and the standard Gronwall's 
argument implies the result in (77) in the critical case. In the subcritical case we use the same 
argument but for the functional without the term containing /'. □ 

Completion of the proof of Theorem 3.16: Proposition 3.19 means that the semigroup 

S{t) is quasi-stable on the absorbing set defined in Remark 3.6 in the sense of Definition 
7.9.2 [14]. Therefore to obtain the result on regularity stated in (75) and (76) we first apply 
Theorem 7.9.8 [14] which gives us that 

sup {\\Vut{t)f + \\utt{t)f) < Csi for any trajectory 7 = {{u{ty,ut{t)) : t G M} C 21. 

Applying (66) we obtain (75) and (76). 

By (11) any weak solution u{t) possesses the property 

rt+l 

||n«(T)||2dT<Cfl,T for [o,r], vr>o, 

provided {uq;ui) G S{1)^o, where ^0 is the absorbing set defined in Remark 3.6. This implies 
that t t-^ S{t)y is a l/2-H61der continuous function with values in H for every y G S{l)^o- 
Therefore the existence of a fractal exponential attractor follows from Theorem 7.9.9 [14]. 

To prove the statement concerning determining functionals we use the same idea as in the 
proof of Theorem 8.9.3 [14]. 
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